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Introduction
With a diameter of up to 14 µm and a length of up to 1m, the neuron is the largest cell in the human body, both in surface area and volume [42, 57] . It is arguably also one of the most important cell types; it enables all communication with and within the brain through conducting electrical signals. The development of a neuron starts with the soma, the cell body, see Fig. 1 . Several short dendrites extend from the soma into the surroundings, and one of these dendrites develops into the axon. In contrast to dendrites, the axon is long, it has a high degree of polarity alignment, and it is typically myelinated [21] . The axonal cytoskeleton consists of longitudinally aligned microtubules and neurofilaments that are connected by a variety of different crosslinks [20] . The cytoskeleton is encapsulated by an actin cortex [28, 29] that is held together by spectrin [27, 38, 76] . At the tip of the axon, the growth cone is leading axonal growth and is responsible for path finding and axonal steering [48] . Extensive research has been devoted to neurons since their discovery in the 19th century with specific focus on axonal growth [20, 33, 48] , the biophysics of axonal development [26, 71] , and the physiology of axons [23] .
Throughout the past decade, several groups have recognized the importance of mechanical forces in the axon [7, 25, 71] . They found that the growth cone applies tension to the growing axon [11, 12, 46] and that it tightly regulates this tension within the physiological range of 1nN [24, 40, 60] . Numerous experiments have since been performed to quantify how these forces are transmitted along the axon. These experiments have established several generally accepted hypotheses that highlight the role of physical forces [34] , for example during axonal development [8, 33, 71] .
Single axon experiments in culture allow us to investigate the biophysics of individual molecules and molecular motors Fig. 1 Neuron and cross-sectional view of its axon. The development of a neuron starts with the cell body and several short dendrites. One of these dendrites develops into the axon, which is led by the growth cone. The axonal cytoskeleton is surrounded by an actin cortex and consists of longitudinally aligned microtubules that are connected by passive crosslinks such as tau and by active crosslinks such as dynein motors within the axon. We now know that dynein is a unipolar molecular motor that generates axonal extensile forces by walking towards the minus end of microtubules [2, 9, 65] . Kinesin, likewise, is a bipolar molecular motor that walks towards the plus end of microtubules and causes microtubules to slide out of the neuronal cell body [18, 49, 77] . Myosin, in constrast, is a molecular motor that is located primarily in the actin cortex and in the growth cone where it generates contractile forces [14, 53, 80] . Force equilibrium and axonal elongation is a competition between the extensile forces of dynein and the compressive forces of myosin [29, 33, 65] . In addition to these actively force-generating motors, molecules like tau that passively crosslink the axonal cytoskeleton also play a critical role in network mechanics [81] . Although tau does not generate active forces, it stabilizes the axon by cross-linking neighboring microtubules and preventing them from depolymerizing. When exposed to strains or strain rates beyond the physiological limit, the tau-microtubule complex gradually weakens, which results in diffuse axonal injury and, ultimately, cell death [5, 69, 74] .
Biological structures are living systems with the ability to adapt to their mechanical environment [61] . It is surprising that cells are often characterized as passive, timeindependent, and purely elastic [64] . When constant forces are applied to an axon over a long period of time, it lengthens at a constant rate and displays a time-dependent behavior that is rheologically similar to a viscous fluid [44, 54] . When constant forces are applied to the brain, for example during development or in response to tumor growth, the brain adapts gradually over time and displays a time-dependent behavior [35] . In response to body growth or artificial limb lengthening [83] , axons can adapt and gradually grow in length [1, 68, 71] . Nonetheless, time-independent, elastic models have successfully been used to explain prestress in axons and in the brain [24] and to model the effects of high impact loading [4, 58, 74] .
At present, the most popular approach is to model the adult nervous system as time-independent solid and the devel-oping neuron as time-dependent fluid. Two more recent approaches suggest to interpret neurons as active fluids or solids [6, 55, 62] that are capable of generating active forces, conceptually similar to skeletal muscle [32, 37] . In both cases, internal forces generated at the expenditure of adenosine triphosphate, ATP, explain internal tensions at the steady state as proposed by active matter hydrodynamics [51] . The active fluid model cleanly explains why axons elongate in response to large external forces, retract at low external forces, and maintain a constant rest length and rest tension at intermediate forces [55] . However, it does not consider the elastic behavior of the axon, which limits its use to sufficiently long time spans of observation. The active solid model [6, 10] and the morphoelastic rod model [52] excellently capture the elastic properties of axons. The morphoelastic rod model characterizes the behavior of axons over long periods of time using the theory of finite growth [62] . It suggests that forces trigger the immediate addition of mass, whereas experiments indicate that forces first cause axons to stretch and then new mass is added gradually to restore the initial axonal diameter [39, 47] . Further complicating this problem is the well-accepted observation that internal forces in cells change their viscoelastic properties: The measured mechanical properties of cells and tissues can be highly sensitive to the stresses and strains used to probe them [45, 51, 59] . This is especially important in growing neurons as it is recognized that molecular motors such as kinesin, dynein, and myosin generate forces that modulate axon elongation [3, 41, 49] . Taken together, this active nature of living systems makes it inherently difficult to measure, model, and understand neuronal mechanics. Given the complexity of this problem, the development of analytic equations and simulation tools that cleanly and simply model the problem of neuronal mechanics across all time scales and explain the complex dependence of effective elasticity and viscosity as a function of internal and external forces would be ideal.
The objective of this manuscript is to establish analytic equations and a finite element model that, for the first time, fully models the complex time and force dependent behavior of active and passive axonal substructures. We present a general framework to model a wide variety of molecular mechanisms within the an existing finite element infrastructure. Within this framework, we assign a user defined molecular mechanism to a standard finite element, whilst preserving the conceptual modularity of the finite element method. We demonstrate the potential of our method using a three-dimensional axon model that consists of microtubules and crosslinks. We examine two types of crosslinks, passive dissipative crosslinking and active motor crosslinking. We use these two mechanisms to interpret cellular-level characteristics such as axon stiffness, viscosity, and internal stress as emergent properties from the subcellular level. This allows us to inform constitutive models at the continuum level by molecular-level events. We then develop active viscoelastic fluid equations which we use to validate and understand the non-linear behaviors produced by the simulation. Importantly, this conceptual framework can be easily extended to all active systems including other types of cells and tissues.
The remainder of this manuscript is organized as follows: We begin by describing the general challenge of developing an algorithmic framework for dynamic mechanisms in living cells in Sect. 2. We describe the geometry and mechanical properties of our axon model in Sect. 3 and its basic mechanisms in Sect. 4. We then illustrate the key features of our model by means of two selected mechanisms in Sect. 5, and conclude by discussing our results in Sect. 6.
Algorithmic framework
Modeling molecular mechanisms within the context of the finite element method requires several extensions to the standard finite element infrastructure. Our main objective is to develop a generic and modular framework that will allow us to implement a wide range of molecular mechanisms. In practice, this implies that we only want to add to the existing finite element method-not change it-with the goal to plug in many different types of molecular mechanisms without affecting the overall algorithmic infrastructure. We provide an overview of the global implementation in Sect. 2.1 and discuss all extensions individually in Sects. 2.2-2.6. Figure 2 illustrates the global architecture of our method. The orange boxes represent standard objects that are part of every standard implementation of the finite element method and the yellow boxes indicate the extensions that allow us to model a wide range of molecular mechanisms that are relevant for the axon.
Overview
The architecture consists of two main branches, the model and the solver. The first branch, the model, consists of the standard description of materials, properties, nodes, elements, point loads (LOAD), single point constraints (SPC), and multiple point constraints (MPC). Here we extend this structure with an extended node object (NodeX), an extended bar element (CBarX), mechanisms, and microtubule (MT) objects. The second branch, the solver, consists of at least an implementation of the Newton-Raphson method (NR) for nonlinear problems. Here we adopt the Newton-Raphson algorithm with slight modifications to allow for the application of molecular mechanisms. We implement this architecture into a custom-designed finite element framework. Table 1 compares the standard node and the extended node objects. A standard node (Node) is characterized by its nodal index, its coordinates, and the global indices of its degrees of freedom. An extended node (NodeX) also points to the elements on its plus and minus sides along the microtubule. This allows us to simulate molecular walking. When a molecule walks from one node on the microtubule to the next, it is essential for that node to know the elements on its plus and minus sides. Table 2 compares the standard bar element and the extended bar element. A standard bar element (CBar) is characterized by its element index, the two nodes it connects, and the element property. The extended bar element (CBarX) consists of several additional variables. The rest length of the element allows for active contraction or extension of the element. The current biological state of the element is a state variable that is important to identify the next action of an element. Table 3 summarizes potential element states. To keep track of the geometry, the extended bar element stores two dummy nodes to which the element was previously connected and may connect to again in the future. The variable timeToNextEvent monitors the time until this element has to perform its next event that is determined by the molecular mechanism that the element is subjected to. Table 4 summarizes the variables that constitute a microtubule object (MT). The microtubule object is specific to our extended architecture of the finite element implementation. A microtubule consists of many CBarX elements that collectively behave as a single microtubule. It consists of integer variables that contain the indices of the first and last nodes and elements that build up this microtubule. Similar to the CBarX elements, microtubules are characterized by their current state, the time to their next event, and the mechanism they are subjected to. Potential microtubule mechanisms could be polymerization and depolymerization. In addition the microtubule object has access to the microtubules at its minus and plus ends. Table 5 illustrates the type of variables of element-based and microtubule-based mechanisms. The mechanism object is our most important extension to the standard finite ele-ment method as it allows us to simulate the dynamics induced by molecular mechanisms. The mechanism object is a super class and every individual mechanism is a sub class as highlighted in Fig. 2 . Because of this general character, the common denominator among different mechanisms is not a set of variables, but simply the function Apply(). The Apply() function can be tailored to simulate the mechanism of molecular motors such as dynein, kinesin, or myosin, the detachment and reattachment of crosslinking proteins such as tau, or the polymerization and depolymerization of cytoskeletal filaments such as microtubules.
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CBar and CBarX objects
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Algorithm 1 summarizes the pseudo code of our solver for a general solution step. The solver is based on a standard Newton-Raphson iteration with adaptive timestepping, supplemented by modifications that allow for the execution of all mechanisms. The differences compared to a standard Newton-Raphson solver are the functions UpdateModel() and RestoreModel(). UpdateModel() is executed at the beginning of each step, and it applies all mechanisms for the duration of that particular step, see Algorithm 2. An action is performed if the timeToNextEvent variable of the CBarX element or MT object in Tables 2 or 4 becomes smaller than zero during the current step. RestoreModel() is only executed if the solver did not converge, in which case it restores the beginning of the step, see Algorithm 3. Algorithms 2 and 3 only describe updating and restoring element-based mechanisms. The algorithms for updating and restoring microtubule-based mechanisms are conceptually similar, with the only difference that updating or restoring a microtubule also involves updating or restoring the elements that constitute that microtubule.
Algorithm 1 Pseudo code of modified Newton-Raphson solver with adaptive time stepping.
Step Apply mechanism: el.mechanism.Apply(). Note, before an element variable is updated by the mechanism, its old value is stored in storage. It can be restored by calling RestoreModel(), see Algorithm 3. end for end Algorithm 3 Pseudo code of RestoreModel() function.
RestoreModel()
for Element el in storage do Restore stored variables of el. Restore time to next event: el.timeToNextEvent←el.timeToNextEvent+ t. end for end
Axon model
In this section, we present the geometry and material properties of our axon model. Our axon consists of discrete microtubules, which are aligned along their longitudinal axis and connected by individual crosslinks. For now, we focus on modeling molecular mechanisms in the axonal cytoskeleton and neglect the axon cortex and the growth cone.
The first step in generating the geometry is to define the positions of the microtubules in a given cross section. Figure 3 illustrates 19 potential microtubule positions located on a triangular grid. On average, only half of these sites will be occupied in any given cross section. Each microtubule is connected to its neighbors by crosslinks which evolve dynamically as a result of different mechanisms.
The second step is to create the full three-dimensional axon model by extruding the cross section along the axon's long axis. Figure 4 shows a three-dimensional view of our axon model. At every potential microtubule site, we alternate between a microtubule of length l MT and a void space of the same length l MT . We distribute the microtubules randomly across the axon by starting with a random assignment of either microtubule or void at a random initial length. We discretize each microtubule with 2500 NodeX nodes and CBarX finite elements. We finalize the geometry by adding the crosslinks to the model. We randomly select one of the possible crosslinks in Fig. 3 at intervals of length x C L . For the selected crosslink, we check whether microtubules are present at both of its ends. If so, we add the crosslink to the model using a CBarX finite element; if not, we proceed to the next interval. Motivated by electron micrographs of crosslinks in axons [38] , we add all crosslinks at an angle of ±10 • . On average, only half of these locations are populated with microtubules [13, 38] . Crosslinks between neighboring microtubules evolve dynamically as a result of different mechanisms Figure 5 shows how we assign the elMinus and elPlus variables for each NodeX and the n0, n1, e0, e1, mtMinus, and mtPlus variables for each microtubule object. All microtubules are aligned with the minus end towards the cell body and the plus end towards the growth cone [79] . In addition to the nodes and elements that characterize the current state of the microtubules and crosslinks, two additional nodes, the storageNodes, are used as nodal connectivities of all detached crosslinks. We submerge the entire axon in a viscous fluid by connecting the first node of every microtubule to a fixed point on the left side of the axon using a viscous element. We set the viscosity of this surrounding fluid to η = 10 −7 MPa s, seven orders of magnitudes lower than our estimated axonal viscosity. This viscous fluid prevents numerical singularities in cases where a microtubule becomes fully disconnected from the remainder of the axon. The boundary conditions of the axon include a clamp of the storageNodes and all nodes at the left end of the model representing the cell body. In addition, all nodes at the right end of the axon representing the growth cone are constrained to move together along the axonal direction using a MPC. For now, all nodes in the model are constrained to have no movement in the lateral direction. External forces can be applied anywhere along the axon, but are most commonly applied by the growth cone at the right end of the axon. 
Molecular mechanisms
Our major focus is to explicitly model microscopic molecular mechanisms and to trace their macroscopic effects. To demonstrate our generic concept and the general implementation procedure, we highlight two different molecular mechanisms: passive dissipative crosslinking and active motor crosslinking. Before we turn to their implementation details, we illustrate the concept of molecular mechanisms by the simple mechanism of generic dynamic crosslinking, a detachment of a crosslink from its microtubules followed by a reattachment to the same nodes at some randomly chosen later time. To integrate this mechanism in our model, we first create a mechanism object, see Sect. 2.5, with two variables, tAttach and tDetach. We then assign this mechanism to the mechanism variable of each crosslink element, see Sect. 2.3, and, finally, we complete the Apply() function to enable the mechanism, see Sects. 2.5 and 2.6.
Algorithm 4 summarizes the pseudo code of the generic dynamic crosslinking mechanism. When the model is first initialized, every crosslink is randomly assigned to be either attached or detached from its microtubules, both with a 50% chance. The Apply() function then determines for each element whether an event has to be executed by checking the el.timeToNextEvent variable.
If the el.timeToNextEvent variable is negative and the crosslink is currently attached to microtubules, we change the nodal connectivity of this crosslink into the storageNodes of the model, see Sect. 3, which effectively detaches the crosslink. The nodes to which the crosslink used to be attached are stored in the dummyNodes variable of the element, the element state is updated to CrosslinkDetached, and a randomly chosen time between zero and tAttach is assigned to el.timeToNextEvent, which determines when the crosslink will reattach again.
If the el.timeToNextEvent variable is negative and the crosslink is currently detached, we change the nodal connectivity to the nodes stored in dummyNodes, which effectively reattaches the crosslink to the nodes it was previously attached to. We clear the variable dummyNodes, update state to CrosslinkAttached, and update el.timeToNextEvent to a random value between zero and tDetach. In both cases, we update the global element Algorithm 4 Pseudo code of mechanism.Apply() function. The generic dynamic crosslinking mechanism defines crosslink detachment and reattachment to its original nodes. It is called for each element in each iteration of the modified Newton-Raphson solver, see Algorithms 1 and 2. connectivity matrix of the model to account for changes in nodal connectivity.
Passive dissipative crosslinking
The mechanism of passive dissipative crosslinking involves the detachment of crosslinks from their from microtubules followed by a reattachment to different closeby nodes. Instead of reconnecting the crosslink back to its initial nodes, as described in Algorithm 4, the crosslink will now reconnect to nodes that are near by its initial nodes such that the crosslink length remains as close as possible to the rest length of the element. This mechanism is conceptually similar to generic dynamic crosslinking, but it additionally introduces the notion of viscosity at the global axon level.
On one end, one of the two nodes stored in el.dummyNodes, randomly picked with 50% chance, will reattach to the node that the crosslink detached from. On the other end, we search for the node that results in an optimal crosslink length. We start the search from the other node in el.dummyNodes and use the elMinus and elPlus of that node and its neighbors, see Sects. 2.2 and 3, to search in the plus and minus direction. We keep searching until we reach the node that yields the optimal crosslink length and attach the crosslink to this new node. This node is usually close to the node where we started the search and the node search can be efficiently completed in constant time per crosslink. This implies that the total computation time scales linearly with the total number of crosslinks and with the values of tAttach and tDetach. Figure 6 illustrates the mechanism of passive dissipative crosslinking. Fig. 6 Passive dissipative crosslinking. The mechanism of passive dissipative crosslinking involves elongation, detachment, elongation, and reattachment. By reattaching to a new nearby node, the crosslink dissipates energy as it restores its initial length
Active motor crosslinking
The mechanism of active motor crosslinking involves the detachment, elongation, reattachment, and contraction of dynein crosslinks. Instead of reconnecting the crosslink back to its initial nodes, as described in Algorithm 4, the dynein motor will remain attached at one end and reconnect at the other end to a further away node to elongate in length. Upon reattachment, active contraction will bring dynein back to its initial rest length. This mechanism is conceptually similar to the generic dynamic crosslinking, but it additionally introduces the notion of active force generation at the global axon level.
Cytoplasmic dynein consist of two heavy chains that are connected to each other on one end, and are both individually connected to a microtubule on the other end. On one end, dynein functions as a carrier for cargo, in our case, an individual microtubule [2] . Since the binding between dynein and the cargo microtubule is strong, we model this connection as fixed. On the other end, the dynein molecule walks towards the minus side of the highway microtubule by a repeating process of detachment and reattachment. The mechanism of these unipolar dynein molecules has been well characterized [43, 66, 73] and supported by experimental data [16, 30, 50, 72] .
Starting from the initial state, binding of adenosine triphosphate, ATP, at the walking domain of dynein detaches the dynein crosslink from the microtubule. The dynein chain then rotates towards the minus side of the microtubule and extends. Next, adenosine triphosphate hydrolysis leads to release of adenosine diphosphate (ADP) and, thereby, to a reattachment of the dynein motor to the microtubule. The final step is the powerstroke of dynein which contracts the molecule back to its initial length. Fig. 7 Active motor crosslinking. The mechanism of active motor crosslinking involves detachment, elongation, reattachment, and contraction. By contracting back to its initial length, the dynein motor induces an active force
We model the mechanism of active motor crosslinking conceptually similar to the passive dissipative crosslinking mechanism in Sect. 4.1. The only difference is that now, only the second node of the crosslink, which represents the dynein walking domain, will reattach to a different node and the search for this new node is further away from the initial node, in the minus direction of the microtubule. We control the active contraction and extension by changing the element variable el.restLength, see Sect. 2.3, and we adopt an active contraction of λ act = L/l = 0.9. Figure 7 illustrates the mechanism of active motor crosslinking.
Results
In this section, we explore how individual molecular-level events affect the cellular-level response. To homogenize the constitutive behavior of the axon, from the molecular to the cellular scale, we represent the axon using a viscoelastic Maxwell model with internal stress,
in which σ ext and σ int are the external and internal stresses, E is the elastic stiffness, and η is the coefficient of viscosity, which is related to the elastic stiffness via the relaxation time τ . External stresses arise from externally applied forces, whereas internal stresses are caused by forces that are generated inside the axon, e.g., forces applied by the powerstroke of dynein motors. We consider a creep test in which we apply a sudden external and internal stress and measure the macroscopic stress and strain at time t. We introduce the discrete time derivativesε = ε/ t = ε/ t and σ = σ/ t = σ/ t, and obtain the following relation for the elastic stiffness E,
(2)
We further introduce the effective or measured stiffness E eff = σ ext /ε as the ratio of the externally applied stress σ ext and the measured strain ε, and interpret the actual stiffness E as the effective stiffness E eff scaled by the effects of viscoelasticity and internal stress,
Similar to the effective stiffness E eff , we introduce the effective viscosity η eff = σ ext /ε as the ratio of the externally applied stress σ ext and the strain rateε, and interpret the actual viscosity η as the effective viscosity η eff scaled by the effects of internal stress,
In the following two examples, we investigate how the molecular mechanisms of passive dissipative crosslinking and active motor crosslinking effect the overall axonal viscosity through the term 1 + t/τ and the internal stress through the term 1 + σ int /σ ext .
Passive dissipative crosslinking
To explore the effects of the molecular mechanism of passive dissipative crosslinking on whole axon rheology, we use the axon model from Sect. 3 and assign the dissipative dynamic mechanism of Sect. 4.1 to all crosslinks. On the molecular level, the crosslinks are stretched when they detach and unstretched when they reattach, which inherently induces energy dissipation. On the axon level, this behavior collectively manifests itself as viscosity, and the axon as a whole behaves as a rheological Maxwell element. We perform a series of creep tests and apply an external force to the tip of the axon. We increase the external force to F ext = 100 pN in the first time step and maintain this force during the remainder of the simulation. Unless stated otherwise, we use equal detachment and reattachment times of tDetach = tAttach = 180 s to maintain a constant average crosslink density. Our total simulation time is 2000 s and we use a time step of 10 s. Figure 8 illustrates the typical simulation results of our model with passive dissipative crosslinking. The three discretizations show the axon at three consecutive time points of the simulation, top. The corresponding kymographs highlight [55] the longitudinal position of all microtubules as a function of time, right. The computationally predicted kymograph, bottom left, shows an excellent qualitative resemblance with the experimentally measured kymograph [55] , bottom right. Figure 9 summarizes the typical readouts for a single simulation. The kymograph, top left, highlights the configuration of individual microtubules. For equal detachment and reattachment times tDetach and tAttach, the number of crosslinks remains constant during the simulation, bottom left. The total stretch λ is composed of an initial elastic stretch, caused by the external force, followed by a linearly increasing viscous stretch, caused by the viscous crosslinking mechanism, top right. The linearly increasing stretch λ results in a constant stretch rateλ, which we compute using a linear regression of the stretch over an interval of 200 s around t, middle right. The resulting macroscopic viscosity η eff = σ/ε, which we have calculated using Eq. (1) with the small strain assumption ε = λ − 1, increases initially but then remains constant, bottom right.
To explore the effects of our model parameters on macroscopic properties, we extract a single value for the axonal stiffness E and viscosity η from Fig. 9 . We calculate the axon stiffness E = σ ext /ε using Eq. (3) for the stiffness of the first time step in which the total external force is applied. We define the external stress as σ ext = F ext /A axn with an axonal cross section area of A axn = π(r axn ) 2 and an axonal radius of r axn = 270 nm, see Table 6 . We calculate the axon viscosity η = σ ext /ε using Eq. (4) and average the viscosity across the time window of 400 and 2000 s to ensure that the model is in a steady state. Our model consists of several parameters that may effect the macroscopic axon properties. For brevity and to maintain focus, here we only investigate the Figure 10 shows the axon stiffness E = σ ext /ε and the axon viscosity η = σ ext /ε as functions of the crosslink density c calculated as the number of crosslinks per axon unit length. The data points represents the mean stiffnesses and viscosities of n = 15 simulations; the error bars repre-sent the standard deviations generated by the randomness in our model. Since the average crosslink density is only controlled indirectly by the longitudinal distance between two consecutive crosslinks, it is also a random variable with corresponding means and standard deviations. Both axon stiffness and viscosity increase linearly with the density of crosslinks for an axon density above 0.2 nm −1 . For smaller crosslink densities, the stiffness and viscosity rapidly decrease to zero. Both observations are consistent with a previous report [41] : The rapid decrease of stiffness and viscosity at low crosslink densities is a natural result of the reduction of available load paths within the axon as described by the percolation theory. Indeed, microtubules that would be connected at high crosslinks densities become disconnected when less crosslinks are available. Figure 11 shows the effective axon stiffness E eff = E/[1+c τ t/τ ], the axon viscosity η =τ E/c τ , the effective relaxation time τ eff = η/E eff , and the normalized detachment and reattachment timeτ /τ eff = c τ /[1 + c τ t/τ ] as functions of the characteristic detachment and reattachment timeτ . Here we have reparameterized the relaxation time τ =τ /c τ via the characteristic detachment and reattachment timeτ scaled by the rate constant 1/c τ . The data points represents the mean values of n = 15 simulations; the error bars represent the standard deviations generated by the randomness in our model. The dashed lines represent the best fit to the viscoelastic Maxwell model as described by the equations above. The two curves in each plot are generated by the same data, but with different axon stiffnesses using t = 0 s, shown in blue, and t = 100 s, shown in orange. The only difference between these curves is that we measured stiffness as the ratio of stress and strain after the 1st and 11th time step for t = 0 s and t = 100 s respectively. We performed individual fits for t = 0 s and t = 100 s, and obtained different values for E and c τ for the two curves. The numerical simulations nicely agree with the analytical predictions.
Active motor crosslinking
To explore the effects of the molecular mechanism of active motor crosslinking on whole axon rheology, we use the axon model from Sect. 3 and assign the dynein motor mechanism of Sect. 4.2 to all crosslinks. On the molecular level, the crosslinks detach, elongate to reattach, and actively contract during the dynein power stroke as they return to their initial length. On the axon level, this behavior collectively generates internal stresses in the axon. Figure 12 highlights the three different scenarios that can occur on the axon level in response to different dynein configurations: extension, neutral deformation, and contraction. Dynein is a molecular motor that walks towards the minus end of the microtubule. If the fixed domain of each dynein crosslink is located closer to the plus end of the microtubule, the powerstroke of dynein induces axonal elongation. If the fixed domain is located closer to the minus end, the powerstroke induces axonal contraction. The tendencies towards Fig. 12 Different dynein configurations and their effects on internal force generation within the axon. When the fixed domains of the dynein motors are predominantly located at the plus ends of the microtubulues, the configuration extends (top); when the fixed domains are located at the minus ends, the configuration contracts (bottom); when the fixed domains are evenly distributed, the configuration remains neutral (middle) Fig. 13 Axon with dynein motor mechanism assigned to each crosslink. Axonal stretch λ as a function of time t for n = 15 simulations. For n = 5 simulations with the fixed domains of the dynein motors predominantly located at the plus ends of the microtubulues, the axonal stretch is extensile (orange); for n = 5 simulations with the fixed domains located at the minus ends, the axonal stretch is contractile (yellow); for n = 5 simulations with random orientation, the axonal stretch remains neutral (red). (Color figure online) elongation and contraction cancel out if all fixed domains are randomly oriented. Figure 13 illustrates a simulation of the three different scenarios, extensile, contractile, and neutral, for a total of n = 15 simulations of which n = 5 have the fixed domains of the dynein motors predominantly located at the plus ends of the microtubulues, n = 5 have the fixed domains located at the minus ends, and n = 5 have a random orientations. We clearly observe the expected difference in axon behavior for the three different configurations of the dynein crosslinks: The axonal stretch is extensile for the fixed domains located near the plus ends, contractile for the fixed domains located near the minus ends, and neutral for random orientations. Recent experiments have shown that the fixed domains of dynein are predominantly associated with the plus end of microtubules [63, 75] and that dynein plays a critical role in axonal elongation [9, 65] . These experiments suggest the extensile configuration in Fig. 12 is the most physiologically relevant. In turn the modeling in Fig. 13 suggests the experimentally observed pushing force generated by dynein [65] arises as direct consequence the molecular association of the dynein cargo binding domain with microtubule plus tip proteins. Figure 14 shows the stretch rateε = [ σ ext + σ int ]/η = [ F ext + F int ]/[ η A axn ] and effective viscosity η eff = η/[ 1+ σ int /σ ext ] = η/[ 1 + F int /F ext ] plotted versus the external force F ext . For these simulations, we use the same model as before, now with all dynein motors located at the plus ends of the microtubulues to generate a net internal force F int , which we balance by an external tip force F ext that we vary from −500 to 100 pN. The values for the internal force F int and the viscosity η are unknown a priori, both emerge as axon-level properties of our axon model. Figure 14 , top, provides the external force at a mean stretch rate of zero, F ext = −210 pN, which, by force equilibrium, F ext + F int = 0 pN, defines the internal force that emerges from active motor crosslinking, F int = −F ext = 210 pN. We can then calculate the viscosity η eff =ε A axn /[ F ext + F int ], which approaches infinity η eff → ±∞ for F int → −F ext . Naturally, the numerical predictions for viscosity are not able to capture this region accurately as a slight deviations in the computed stretch rate lead to enormous variations in the computed effective viscosity. However, our model captures the analytical predictions well for F ext − F int > 100 pN.
Discussion
Molecular mechanisms play a critical role in modulating axonal physiology, both by transmitting passive forces and by generating active forces. Here we created a generic axon model to simulate molecular mechanisms within the context of the finite element method. Our infrastructure preserves the inherent modularity of the finite element method and, at the same time, allows us integrate in a wide range of molecular mechanisms (Fig. 2) . To illustrate the fundamental features of our approach, we created an axon model of discrete microtubules that are aligned along the axon and connected to neighboring microtubules by discrete crosslinking mechanisms (Figs. 3, 4 ). Our axon model naturally connects molecular-level events to axon-level properties and allows us to explore how characteristic axonal features emerge from the collective interaction of individual molecular mechanisms. What makes our finite element model unique is that a fluidlike behavior (Figs. 10, 11) arises solely from a collection of springs, which dynamically make and break connections by a set of simple rules (Figs. 6, 7) . The different configurations of our model naturally capture the idea fundamental to active matter hydrodynamics that the relative orientation of internal and external force vectors profoundly influences the effective viscoelastic properties of soft matter (Figs. 12, 13 ). We highlight these features by means of two examples: passive dissipative crosslinking and active motor crosslinking. By assigning different mechanisms to standard finite elements, we automatically embed these molecular-level events within the solution procedure throughout the entire simulation.
Passive dissipative crosslinking characterizes a passive detachment and reattachment of a crosslink from and to the microtubule. A key feature of passive dissipative crosslinking is that each crosslink detaches at the elongated state and reattaches at its original rest length, which generates energy dissipation and, on the axon level, an emergent rheology that is conceptually similar to viscosity [15, 22] . The major molecular-level parameters that govern these events are the average crosslink density and the characteristic detachment and reattachment time; the main axon-level parameters that emerge from these events are the stiffness and the viscosity. To qualitatively compare our axon simulations to experiments, we extracted kymographs from our simulation and compared them to kymographs of axonal stretch experiments [54, 55] (Fig. 8 ). Simulation and experiment showed a good qualitative agreement. To quantitatively compare molecularlevel events to axon-level properties, we performed a series of simulations with systematically varying crosslink densities and detachment and reattachment times. Our simulations reveal that the axon stiffness and viscosity scale linearly with the average crosslink density. The axon as a whole behaves like a viscoelastic Maxwell element [22] : The axon stiffness is independent of the characteristic time constant of the crosslinks and the viscosity scales linearly with this time constant. The strong non-linear stress strain relationships predicted by active matter hydrodynamics arise elegantly as emergent properties from a system of springs that obey simple rules (Figs. 6, 7) . In particular, by allowing springs to make and break connections viscosity arises as an emergent property (Fig. 9 ). This is consistent with experimental work that has demonstrated that neurons behave are solids or fluids depending on the time scale [10, 24, 54] . In turn, the time-dependent apparent elasticity and viscosity follow the predictions outlined by the Maxwell fluid equations (Fig.  11 ), which may be important for developing a better understanding of the complex frequency dependence of neuronal rheological parameters in various experimental regimes [19] .
Active motor crosslinking characterizes an active detachment and reattachment of a crosslink from and to the microtubule. A key feature of active motor crosslinking is that each crosslinks detaches at the contracted state and reattaches at its initial length, which generates active contraction and, on the axon level, an emergent rheology that is conceptually similar to an active force or internal stress [6, 10, 55] . The major molecular-level parameters that govern these events are the average crosslink density and the characteristic detachment and reattachment time; the main axon-level parameters that emerge from these events are the stiffness and the viscosity. Another critical molecular-level parameter that governs these events is the configuration of dynein with respect to the plus and minus ends of the microtubules. Our simulations reveal that the axon extends when the fixed domains of the dynein motors are predominantly located at the plus ends of the microtubulues, it contracts when the fixed domains are located at the minus ends, and it remains neutral when the fixed domains are evenly distributed. In the extensile configuration, the axon as a whole behaves like a viscoelastic Maxwell element with internal stress generation. Importantly, when assessing the effective viscoelastic properties in our active system, effective viscosity has the same non-linear pattern predicted by active matter hydrodynamics [51, 56] (Fig. 14) . While this is an obvious consequence of the kinematic equations, balance equations, and constitutive equations that govern the system, the model inherently captures the complicated behavior that arises as an emergent property of a few easily understood rules [45, 51, 59] . This is in line with several recent microto-macro approaches proposed in the context of population dynamics [82] .
In conclusion, we have created a conceptually novel approach to characterize axon-level parameters as evolving properties from molecular-level events. We have shown that axon elasticity and axon viscosity increase linearly with the crosslink density of microtubules, and that they are highly sensitive to the characteristic crosslink detachment and reattachment times. We have illustrated these effects for both passive and active crosslinking mechanisms. Our simulations explain how dynein, a molecular motor whose fixed domains are predominately associated with the plus end of microtubules, generates internal stresses and drives axon elongation. We anticipate that our model will allow us us probe a wide variety of molecular phenomena-both in isolation and in interaction-to explore their role in modulating characteristic cellular features including stiffness, viscosity, and internal stress.
